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The present study is devoted to a deeper study of the
action regimes of the oscillations of a free fluid surface
shaft rotations of a finite power electric engine, excited
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Vijayaraghavan and R. M. Evan-Iwanowski, "Parametric instability of circular cylin-
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properties of the chaotic inter-
in a cylindrical rigid basin and
by spatial oscillations of the

basin. The possibility and existence of such regimes were
tioned, however, the proof of existence of chaotic regimes was provided only for the special
case of planar oscillations of a free fiuid surface. It is, therefore, necessary to inves-

tigate the possibilities of appearance of chaotic regimes in the more general case of spatial

oscillations of a free surface.

proved in [2]. In the paper men-

Consider the mechanical system shown in Fig. 1. The crank-rod mechanism connects, on
one hand, with the electric engine shaft, and, on the other, with the platform, to which is
rigidly attached a cylindrical basin of radius R, partially filled by a fiuid. When the
crank g turns by an angle y, the platform acquires a displacement in the form u(t) = alcos
Y + a4 (1 + cos 2¢y)], where a, = a/b, and b is the rod length. To describe the oscillation
of the free fluid surface we introduce a cylindrical coordinate system Oxr8 with origin on
the shell axis at the unperturbed fluid surface. The surface equation of the free fluid
surface is then written in the form x = n{r, 6, t). The fiuid is assumed to be inviscid and
incompressible with density p, filling a cylindrical shell of transverse cross section to a
depth x = —d. The direction of the shell displacement u(t) coincides in the cylindrical
coordinate system with the direction & = §,.

For the fluid velocity potential ¢{x, r, 6m t) the kinematic boundary problem is written
down as follows [31]:

V=0 (—d<<x<<w; r, B€8);

Ay I\
0’6 \W‘/&
04
a2
x4 p 4
T
= 0 =
3 = v
3 " Ty ~0,2
N2 ‘ ) o 2 04 Ny
Fig. 1 Fig. 2
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09 . 09 gy e _o
31 ™= 7$Lﬂ"a O e = O s
2 ! o (1)
W“V!]V(?-'gf‘ for x=m.
According to the Dirichlet principle (1), we obtain from the conditions {4, 7]
81, =0, (2)
where
an
=5 (ch) dex~ (@)e=n o7 (3)

Representing n and ¢ in the form of series in oscillation eigenfunctions, then by {3, 7]

n(r, 8,8 = Y (65 (8 2,5 (r) cos 10 -+ g5 () ;5 1) sin i€

” (4)
@lx,r, 8, =N {977 (£) Xay (%, 7) €03 00 - g @7 (£) %5 (x, r) sinibl,
7
where
ki (r) = N (kyyr), (0=0,1,2, .. j=123,..):
% (%, 7) = sech (Ryyd) - Ry (d 4 x) %5 (r); .
(3)

2 1 Y ;
M= (48] (hﬂ)ij( 1), [sic]

Je is a Bessel function, kij are the eigenvalues, determined from the equation J

s =Y —- N,
-\kijn} = 0y
and 815 is the Kronecker symbol.

1

s /

On the basis of (Z) one can obtain relations of the form
@ll(ﬂ “'z]anmn(ﬂ (6)
C Ss/7.\ 4 a1
where %jypn are nonlinear functions of the amplitudes qy3°(t) [7, 8.

The kinetic energy of the fluid is then written down in the following form:

T~ Ip? -+ -%- mgu® + S} Y (vo)?dSdx = —; Ip? &
1 s 1 ¢,8 c l 2
+ 5 Myl + 5 P QS Z kz)mncpll = hp + mgte” + (7)
i, fm.n
508 Y aumadiEit
I.j.m,n

where I is the moment of inertia of the engine shaft [1], m, is the mass of the shell with

the fluid, and kjjun and djjpy are nonlinear functions of q©: -s(t) 7, 8].
0Z

e

The displacement potential energy of the free fluid surface equals

V—*—pﬂ ds §Q1§+gx1dxzp§5 ng} [4 (r cos 8, cos -+ rsin 0 sin 8) +
3

0
+ g = pS(i Y rifgif + Y 5 a6 )
i £

, > L . 1 . . . . - ae s s s o
where ¥ is the displacement vector of points of the free fluid surface, g is the free fall
acceleration, and

rij== \" r cos O, cos? Ox; (1} dS; i = SS‘ rsin 8, sin® Oxy; (r) dS.
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Therefore, the system Lagrangian acquires the form {(a; << 0)

=T—V= T f’\pz “L mgaz‘pz sing + — 2 aumnq‘}sq;ﬂ;
.; m,n

{9)

i

%wﬁ@mw+ém@szﬁﬁ@w@w@?@%ﬂ
i

The procedure of constructing the Lagrange equation makes it possible to construct the
following equation for the variable w{t)

I = —mya®p* sin P cos P — mya®P sinp -+ apS (P2 sin P —
o c ¢ s y ¢ e s s (10)
—p cos 119)(2 riigii + Y, flfqu)— ap St cos llJ(Z righ + Y, 7'1iqli) .
i i i i
On the basis of (9) one can construct the Lagrange equation for other funaamental coor-
dinate systems, more precisely: st(t}. The set of these equations is countable (since
this is the total amount of coordinates q 3 5{(t)), therefore we introduce a simplifying as-
sumption concerning the resonance nature of oscillations of the free fluid surface excited

by the engine. Let the rotational velocity of the shaft ¢(t) in the steady regime of the
engine be near the eigenfrequency w, of the fundamental oscillation of the free surface,
corresponding to the fundamental oscillation shapes ¢°u(f)xu(r)cos® and g% (¢)xii(r)sin 6.
We introduce in the treatment the small positive parameter ¢ = (ar,,k},)’ /3, where [9]

R
fu =g | () dr = 04968 R and k,, = 1,8412 R~
0

Assuming that the conditions of resonance excitation are met, we put

0y = - S0,y (1),

o~
[
[
p—g

where
= (gk,, th ky,d)'”
o, = (gk;; nd) .
The oscillations of the free fluid surface are approximated by oscil

fundamental and secondary shapes [9]
Gor (£) %o1 (r); G5, (£) %5, (r) cos 20 | g3, (£) %y (r) sin 26.

-

iations of the

The amplitudes of the modes included are determined in the form

gi1 (f) = e [py (1) cos P (f) + g, (7) sinp (B)];

gi1 (f) = e\ [p, (%) cos P (f) + g, (v )sinPp (B)]; (12}
Gor (£) = %A [Ayy (v) cos 29 (¢) + By, (7) sin 29 {#) 4 Cyy (¥));
g5i° () = &2 [A3i° () cos 29 (£) + BS’ (%) sin 29 + C5i° (7))

thk,d oH 1
where A = — M = s 1= 8" (f) is slow time, and pi{t), qsf 4$215¢0), B%:8(1)
e o 5 &P () ime, pi{t), qi{1), A737(0), BS} (1),
C,S ; R _— . . : s \
G2 (1) are dimensionless amplitudes. To determine them we substitute (12) into the Lagran-

glan expression, and apply the averaging procedure over y{t) (with fast time appearing ex-
plicitly) from 0 to 2m. As a result we obtain an expression for the averaged Lagrangian
<L>, from which, as shown by Whitham [4], one can obtain the averaged Lagrange equations.

- PR <71 . ~ N . . 1../a 1,7 3 AC » S nC,5 nC s
Restricting B<L> to terms of order 0(¢“), only p;, qi, dpj/dt, dqi/dt, ¢, £17, Bpl® and G2

2 » .t 1.C s Vel 3 e .
appear in it, while dAp /at, an1 S/dt and Gbﬁ S/dt do not. Therefore, from the equations

(0 (LYaAx -0;(6(Ly68h3)==0,(O(LN8C£f)~f0 we determine the quantities ‘;15, B;3:° and Cf;S
as functions of p;j{t) and q;{t). Following substitution of the relations obtained, <L> is

written down as a function of @(t), p{1), q:{(1), p,(7) and q,{1) only [2]
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2 d
(L) = I+ - moai? 4 - elghip Si (dpi 9~ py S )+
1 /dp, . .
Ty (d; pzdf)+vwr%%%¢%+wmy+ (13)
1
: 1
‘P%“f""E |

N~%BMﬂ+§L&

1 .
where %:wm%;m:sm%;E=Er+EﬁEnx§%&rf%ﬁ M = pygy— Pafle

In this case E and M correspond, by eigenvectors, to the energy and angular momentum
of the fluid oscillations. The constants A and B are given in {8].

We introduce a replacement of variables in the form ¢{t) = Q(7)}, which we use following
the averaging over y{t) of the equation for the rotational coordinate of the engine shaft.
As a result we have for (10)

dQ
e e2M, (Q) — e%uyqy — ey, (14)
where
41D (Q)— H (Q)] YoM 0So,
oMy (@) = LPOLZ IO gy, o TR
Y1
&y = Y2
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value of parameter N, Type and multiple characteristic of steady-

state regime

0.05-0.09% Equilibrium position

0.1-06.1014 Limiting cycle. Onefold, period 14.375
0.1015-0.1016 Limiting cycle. Twofold, period 28.75
0.10161 Limiting cycie. Fourfold, period 37.5
0.10162 Limiting cycle. Eightfold, period 115
0.10163 Chaos. "Small" twofold

0.10164 Chaos. "Small" onefold

0.10165-0.38 Chaos. ‘'Large”

0.38001-0.387 Limiting cycie. Twofold, period 8.75
0.388-0.524 Limiting cycle. Onefold, period 4.375
0.525 Equilibrium position

Therefore, the final closed system of Lagrange equations, describing the interaction of the
oscillations of the free fluid surface and the rotation of the engine shaft, is represented

fq:

on the basis of (13) and {(14) in the form

.%’i_i — —ap,— (v + AE) g, — BMpy;
%i = —aqg+ (v + AE) p; + BMgy + vy
Z: = Ny— Nv-—-*wvo(qnt%?) (15)
igfzr—am-W—%A&qf~BMpﬁ
%7,5—2» = —agy+ (v+ AE) p,— BMg; + 15,
where ezMz(?) = Ny — N;@ is an approximation of the static characteristics of the engine,
3 = UV — Ny ], u= 'ﬁi' o 2:72:; and § is the coefficient of viscous damping forces

e

c,s sis 3 PP
6@1; ,» additionally included.

The purpose of the present study is the analysis of steady-state interaction regimes.

To construct solutions of the corresponding steady state regimes, as well as to determine the
various quantities characterizing these regimes in the parameter space of the system of equations
(15), we carried out a large number of studies of this system by means of the Personal Com-
puter (PC} "Pyramld ~286" {an IBM PC/AT 286). The basic numerical method used to construct
solutions of the corresponding systems of equations is the fourth order Runge~Kutta method
with a varying step correction according to Prince—Dorman. In carrying out the calculations
we guaranteed a local computational accuracy of no less than 0(107%). The construction of
the Poincaré map was carried out by means of the Henon method [6]. The Lyapunov character-
istic indices were constructed by the method due to Benettin et al. [5]. At the same time,
the computational algorithm of the Benettin method was modified, making it possible to elimi-
nate the effect of nontypical trajectories on the values of Lyapupnov indices. All phase
portraits and Poincareé maps presented in what follows were obtained on the "Pyramid 286"

oA -n-n-nR

PC by means of the software package GRAPHE

As a result of the numerical experiments performed, regions of existence of steady-state
chaotic regimes of the investigated systems were observed, and transition scenarios from
regular to chaotic motions were analyzed.

Consider this transition in more detail. We assume that the system parameters of the
system of equations (15) and the initial conditions are, respectively, equal to: a = 0.1; N, =
0 1. —_n . - 1. — N ~ _ /o /oY _ n PN e n

0.1; w=10.5; vy = 15 y; = 0, p,(0) = q,(0) = v(0) = 0, p,{(0) = q,(0) = 0.01.
As a bifurcation parameter we consider the parameter N,, characterizing the inclination

angle of the static characteristic of an electric conductor, depending on the type of applied
source of oscillation excitation.
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Fig. 4

As is well-known, one of the most reliable indications of the existence of a chaotic
attractor is the presence in the spectrum of Lyapunov characteristic indices of system (15),
of only one positive index. TFigure Z shows the leading Lyapunov index (i,) as a function of
the parameter N;. As seen Irom the figure given, there exists an interval of N, values, for
which the A, value is positive. Consequently, in this interval system (15) manifests a
chaotic attractor.

Table 1 presents types of steady-state solutions of the system of equatioms (10) for
a parameter N, varying from 0.05 to 0.525. We consider in more detail the bifurcations ob-
served in the system. For 0.1 > N; > 0.05 there exists a stable equilibrium position. At
N, = 0.1 this equilibrium position loses its stability, leading to the appearance, as a result
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of the Andronov—Hopf bifurcation, of a onefold limiting cycle of period 14.375. At the point
N, = 0.1015, then, this limiting cycle becomes unstable, and, as a result of period doubling
bifurcation, a stable twofold limiting cycle of period 28.75 is generated in the system.
Further period doubling bifurcations occur in the system at the points N, = §.10161 and N, =
0.1016Z, leading, respectively, to generation of fourfold and eightfold limiting cycles of
periods of 57.5 and 115. A further cascade of doubling bifurcations leads to generation of
a chaotic attractor at N; = 0.10163. The projection of this attractor on the {p,q;) plane
is shown in Fig. 3a. As follows from the results obtained, the transition to chaos in the
system is implemented rigorously according to the Feigenbaum scenario. A structural rear-
rangement of the '"chaos—chaos'" type is observed in the system at N, = 0.10164, as a result
of which there is merging of the twofold spiral of the attractor into a onefold. The projec-
tion of this chaotic attractor spiral is shown in Fig. 3b. The Poincaré map of this chaotic
attractor by the plane y = —1.55 is shown in Fig. 3c¢. As seen from Fig. 3¢, this map has a
band structure. The major Lyapunov index of both chaotic attractors, given in Fig. 3, is
approximately 0.27. We turn attention to one characteristic feature, present in all regimes
shown above, both regular and chaotic. It consists of the fact that for all steady-state
regimes p, = q, = 0, i.e., oscillations (chaotic and regular) of the free fluid surface occur
only in the first form.

At Ny = 0.10165 the system undergoes again a rearrangement of the "chaos—chaos" type.
The chaotic attractor, shown in Fig. 3b, is changed by a chaotic attractor of a different
type. The projections of this attractor {for N, = 0.125) on the planes {(p,, a;), (p1, V),
{(p,» q,), respectively, are shown in Figs. 4a-c. TFigures 4d-e show the projections of the
Poincaré map of the given attractor by the plane v = —2.5.

o

Consider the main distinctions between this chaotic attractor and the chaotic attractors
shown in Figs. 3a, b. Firstly, nonvanishing chaotic oscillations are generated in the second
form in the variables (p,, q,). Secondly, the oscillation amplitudes in the variables p,, q;,
and v increase substantially. Thirdly, the spiral structure of the attractor disappears, and, as
seen from Fig. 4, it becomes substantially more complicated. Fourthly, the band structure of
the Poincaré map is lost, and these maps acquire the form of some stochastic set (Figs. 4d, e).
Fifth, the value of the major Lyapunov index increases to values of the order of (.45-0.6,
i.e., the rate of dispersion of close phase trajectories increases by almost a factor of two.
The chaotic nature of this type, is conditionally called "large,'" unlike the chaotic attrac-
tors shown in Fig. 3, calied "small" in the following.

As a result of the numerical calculations performed it has been established that a
"large" chaotic attractor exists in system (15) for parameter values changing from 0.10165
to 0.38. We note that the cascade of doubling bifurcations earlier investigated, as well
as the generation of "small" chaos and its structural rearrangements, occur in a very small
interval of variation of the parameter N,. Thus, for varying N, values the region of exis-
tence of "large" chaos exceeds substantially the region of existence of “small" chaos. The
projections of the chaotic attractor, constructed for N, = 0.3745, and its Poincaré map by
the plane v = ~1 are given, respectively, in Figs. 5a-e.

As seen from Figs. 4 and 5, the chaotic attractors constructed on the boundaries of the
region of existence of "large" chaos are qualitatively identical, and only some decrease in
amplitude is observed, with chaotic oscillations established for increasing N, values.

It must be stressed that a "large" chaotic attractor has a relatively large attractive
basin. At least, for any solution of system (15), at an initial moment of time found in the

oL

region S:{|pj| < 3, |qi]| <3, |v] £ 3, i =1, 2}, the "large" chaotic attractor is a unique
attractor, i.e., all solutions of the system of equations (10), whose initial values are
found in the region S, become chaotic.

We would like to turn attention to an extremely important feature. The construction of
phase portraits, Poincaré maps, and the calculation of Lyapunov indices must be carried out
with a time delay relative to the initial time of the numerical calculation — one must discard
a certain (not very substantial) number of the first N values of the corresponding time reali-
zation py(ty), qi{tx), v(eg), i =1, 2; k =N+ 1, N+ 2, N+ 3, .... The necessity of this
discarding is related to the exclusion of phase portraits of steady-state regimes by trajec-
tories of transient processes. In the opposite case chaotization of the transient process
can be perceived erroneously to occur following the steady-state chaotic regime.
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For N, = 0.38001 the chaotic attractor vanishes, and a limiting cycle of period 8.75 is
generated in the system, which then changes by a limiting cycle of period 4.375, and then by
a stable equilibrium position {see Table 1). Thus, the study of steady-state regimes of
motion in system (15) has demonstrated a substantial difference of not only the types of these
motions {statiomary, periodic, and chaotic), but also a different structure and flow in one
class — the chaotic one. In this case we succeeded in separating a region of parameters, a
most critical region, where '"large" chaos is realized, and where the breakdown is possibie
of stability and reliability criteria of the functioning of the mechanical system.
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I. A. Kiiko and S. Yu. Gvozdev UDC 538.3

In soiving coupled thermoviscoelasticity problems — in particular, for the induced non-
linear osciilations of plates and shells — numerical methods have mostly been used; analytical
approaches have not been adequately developed. Although analytical approaches are approximate
in all the problems considered, their importance is obvious: they permit judgements regard-
ing the qualitative behavior of structures. Therefore, the aim of the present work is the
correct formulation and approximate analytical solution of the thermoviscoelasticity probiem
for the induced osciliations of a rectangular plate made of a linear viscoelastic material,
taking account of the internal heat liberation, and investigation of the influence of tem-
perature and geometric nonlinearity on the characteristics of induced oscillation. Suppose
that a plate occupying the region 0 < x < a, 0 <y < b in the X0Y plane undergoes oscilla-
tions under the action of a transverse load of intensity q = F sin wt varying harmonically
over time. The plate surface is assumed to be heat insulated, and a constant temperature T,
is maintained at its ends.

The system of equations describing the motion of a viscoplastic plate consists _of the

Karman equation, in which the elastic modulus E is replaced by its operator analog E, and
the heat-conduction equation

B%u

D,
EO;

7D = — éLiﬁw;w)

~
[
~

87’ SEisii 22 oo
—AMT =+ e, P b L. e
- PR T TR

i
Efp)l = Eoll—e (5,5, 2.0 [o() — [Tt =7, T) @ (1) dr] .
0

Here E, is the instantaneous elastic modulus; D, = E,h®/12(1 — v?} is the corresponding
cylindrical rigidity; v is Poisson's ratio (assumed to be constant); h is the plate thickness
and w is its flexure; p and I'(t, T) are the density and relaxational kernel of the plate mate-
rial; ¢ is the stress function; L{w, &) and Ll(w, w) are the operators known from plate

o

theory [1]; ¢ and A are the specific heat and thermal conductivity of the material, respec-
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